We apply a finite-element analysis method based on first-principles density functional theory, to evaluate the nonlinear large elastic deformation of single-crystal diamond. The stress-strain relations are obtained during finite-element analysis on the fly based on the first-principles calculations and their numerical database is simultaneously constructed, which enables us to obtain high-precision stress without any empirical parameters even under finite strained conditions. The shear strength and mechanical behavior of diamond crystal are analyzed under various stress conditions, and then the uniaxial deformation of a diamond-crystal pillar model is examined through the present analysis method.
Introduction
Because of its extremely high rigidity, diamond is widely employed for technological applications which require low sensitivity to external stress, such as an indenter and an anvil cell. Recent technological progress allows manufacturing a high quality and low defect-density (i.e., almost pure and perfect) diamond single crystal for such applications. Although diamond exhibits extremely brittle behavior under ambient pressure, it undergoes ductile deformation under extreme high pressure (a few hundreds of gigapascals) even at ambient temperature (1) .
This fact suggests that the strength and deformation characteristics of diamond can be greatly altered due to its stress conditions. Moreover, it is expected that the pure and perfect singlecrystal diamond can exhibit large elastic deformation, more than 20 % strain before permanent deformation starts (2) , and the elastic deformation behavior is considered to be highly nonlinear and anisotropic. Therefore in order to properly assess the structural integrity of structures made of a diamond single crystal, it is necessary to take into account the precise nonlinear elastic mechanical properties of single-crystal diamond.
In this study, we firstly conduct the shear-deformation tests of diamond single crystal under various stress conditions using the direct first-principles density functional theory (DFT). Then the external-stress dependence of its deformation characteristics is examined. To enable the analyses considering these effects under various boundary conditions, we construct a new framework of a finite-element analysis method based on the first-principles DFT. We check the validity of our method by comparing the finite-element method results and the direct DFT results for finite elastic deformation of single-crystal diamond under general stress conditions. Finally, we examine the uniaxial loading behavior of a diamond-crystal pillar model using the finite-element analysis. 
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Direct first-principles shear deformation tests under general stress conditions
To assess the shear deformation behavior and its instability of a diamond single crystal, we have conducted the first-principles DFT calculations under the generalized gradient approximation (GGA) (3) . Total-energy minimization is performed based on Vanderbilt ultrasoft pseudopotentials (4) , using the Vienna Ab-initio Simulations Package (VASP) (5) , (6) . The calculations employ the primitive unit cell of diamond, containing two carbon atoms in a rhombohedral supercell. A plane-wave basis set with 358.2 eV kinetic energy cutoff is adopted. For carrying out the Brillouin-zone integration, we employ a 5×5×5 Monkhorst-Pack (7) k mesh. The direction of the shear deformation is chosen as the slip system in a single crystal {111} 110 . The x-axis of the coordinate system is oriented towards the direction of the shear deformation and the z-axis perpendicular to the slip plane; the y-axis is oriented perpendicular to both axes. In this coordinate system, the above-mentioned shear strain is represented as γ 13 . The unit cell is deformed affinely in the present calculation. Table 1 shows the ideal strength of diamond under the hydrostatic pressure (P), normal stresses (σ 11 , σ 22 , σ 33 ) and their combination. It is clearly found from Table 1 that compressive loading in any direction changes the maximum shear stress (i.e., ideal strength). In particular, the effect of σ 33 is significant. The stress-strain curves in the shear deformations under the stress-controlled boundary conditions are shown in Fig. 1 . We can observe that the external stress influences not only the maximum stress value but also the maximum strain at that point. It indicates that the amount of energy required for the permanent shear deformation (deformation characteristics) can be affected by the external stress conditions.
We also examined the {111} 112 shear strength of diamond under uniaxial (both tensile and compressive) strain normal to the slip plane. Here, the displacements except along the shear direction and the uniaxial loading are constrained to be zero under the strain-controlled boundary conditions. Note that the similar stress-strain behaviors are observed also for the results of the latter DFT calculations in Fig. 2 ; the ideal shear strength and strain monotonically increase with increasing compressive strain, and decrease with tensile strain. This fact suggests that the strength and deformation characteristics of diamond can be greatly altered in a nonlinear manner due to stress conditions. For the last decade, first-principles calculation methods, such as DFT, have been conventionally employed to evaluate the mechanical properties of materials at various deformation states in a nonempirical manner (2) , (8) - (13) . However, these first-principles calculations require huge computational cost and bring the limitation of the number of atoms in the system, so that the model size and boundary conditions are largely restricted. Thus we developed a novel method, in which finite-element-method (FEM) calculations are carried out under general stress conditions with computing the nonempirical and high-precise constitutive relations (stress-strain relations) based on the first-principles DFT method on the fly (14) , (15) . In the present paper, we apply this methodology into the non-affine finite-deformation problem of 
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Theoretical methods
Local quasi-continuum method based on first-principles density-functional theory
In continuum, the deformation of a body is uniquely represented by the deformation gradient which is defined at each point of the body
where x and X denote position vectors of generic points of the body at current and reference configurations, respectively. The mechanical response of a material to external load can be described by the free-energy change in the material associated with the deformation due to the mechanical load. Because the contribution of entropy is negligible in the experiments of crystalline solid materials under constant temperature conditions, we can assume that this free-energy change is mainly due to the change in interatomic potential energy in the material. We can apply the continuum approximation to the system undergoing elastic deformation, in which the generation and/or consumption of lattice defects (such as dislocations and fractures) do not exist. Also, total strain energy of the material can be described as a functional of the distribution of the deformation gradient,
Here U represents the interatomic potential energy in the system. The above crystalline system is assumed to be in equilibrium when the deformation gradient is zero, and thus the change in the potential energy is evaluated using this state as the reference. On the other hand, total strain energy of the material can be represented by integrating the strain energy density e(x 0 ) defined at each material point x 0 , as follows:
where V denotes the volume of material, and r the vector between the points x 0 and x. Generally, the e(x 0 ) depends not only on the deformation gradient at the material point x 0 but also on that within the region Ω in the vicinity of that material point. In the case of homogeneous crystals, the size of Ω is determined by the effective range of atomic interactions. In diamond, the target material in this study, the bonds forming a crystal are not long-range ionic but covalent and electrons are localized on the atoms, so that the effective range is at most 2 ∼ 3 atomic layers (a few nanometers). Thus, when we consider the phenomena whose scale is sufficiently larger than this range, the strain energy at a material point can be represented by a function only of the deformation gradient at that point. This simplification is called a local continuum approximation;
Under this approximation, the total strain energy can be described by the potential-energy increase ΔU(F(x 0 )) associated with the deformation gradient at each material point, as follows:
In our methodology, the potential-energy increase is evaluated by replacing the deformation of the material point with the affine transformation of an atomic lattice, using the CauchyBorn rule. The application of the Cauchy-Born rule corresponds to the transformation of the primitive unit-cell vectors of a crystal a P n (n = 1, 2, 3) into a P n (n = 1, 2, 3) by using the deformation gradient F, i.e., a P n = Fa P n . Such a method is called local quasi-continuum method, which bridges between a crystal structure and continuum body under the local continuum approximation.
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Vol. 3, No.3, 2009 In the present analyses, the potential-energy increase associated with the affine transformation of a crystal is evaluated from the first-principles DFT calculations. Fago et al. (16) proposed the similar methodology based on the Orbital Free DFT method. However, the Orbital Free DFT method limits the accuracy with a computational cost lower than using conventional DFT. In this study, we employ the modern standardized DFT calculations to maintain the accuracy of each stress-strain relation, while the learning database for the stress-strain relations are utilized to reduce the total computational cost (14) , (15) .
The numerical mechanical analysis on the local quasi-continuum body is carried out based on the finite-element method, and the DFT-based constitutive model is implemented into a finite element solver by mean of a user subroutine, described later.
First-principles density-functional-theory calculations
The deformation behavior and stress-strain relation of a diamond crystal is obtained from the first-principles DFT calculations. The computational conditions are described above in Sec. 2. In the present calculation, the unit cell is deformed affinely corresponding to the deformation gradient tensor given by the FEM calculations, and then the atomic coordinates are allowed to relax using a conjugate gradient technique. The potential-energy increase per unit volume and internal Cauchy stresses are computed after the residual forces on atoms are converged to less than 16.02 pN (0.01 eV/Å). The computational conditions used in this study enable us to obtain high-accuracy data, such that the lattice constants and shear elastic modulus are only within about 1 % and 3 % off the experimental values, respectively. Once the DFT calculation is complete, the obtained stress-strain relations are stored to the numerical database for later reference, to reduce the computational costs that are required for a large number of DFT calculations.
Finite-element calculations
The finite-element analyses are carried out with a general-purpose FEM code ABAQUS / Standard (V6.4.1, 2004) (17) . The ABAQUS code provides a user subroutine UMAT to enable users to define alternative constitutive relations. In our method, the UMAT subroutine extracts the DFT-based values of a stress tensor σ from the numerical database and calculates a tangent modulus matrix J = Δσ/Δ , both of which correspond to a given deformation gradient tensor F. Then the UMAT subroutine returns these values to the ABAQUS solver. The flow of the UMAT subroutine in the present analysis is as follows. Firstly, the deformation gradient F which is correspondent to the deformation of the element is input into the subroutine from the FEM code. In the subroutine, the deformation gradient F is decomposed into two tensors by the polar decomposition theorem;
where R represents the rotation tensor and U the right stretch tensor. To freely choose the crystalline orientation of a model in the fixed coordinates of the first-principles calculation system, we must consider the rotation Q from the coordinate system of a model to that used in the first-principles calculations, as follows:
The stress σ (U ), which corresponds to the transformed right stretch tensor U , is obtained from the numerical stress-strain database constructed based on the first-principles calculations. Then, the coordinate transformation σ = R T Q T σ (U )QR is conducted on the obtained σ (U ). Finally, the subroutine computes the stress and tangent modulus matrix in the coordinate system of a model, and returns these values to the ABAQUS solver.
Results and discussion
Validity and accuracy of the DFT-based FEM analysis
To evaluate the ideal shear strength of diamond under external stress using the present Fig. 3 , the engineering shear strain γ 13 is imposed in the [112] direction on the (111) plane of the cube, while the tensile/compressive strain 33 is imposed in the [111] direction. Here, the displacements except along the shear direction and the uniaxial loading are constrained to be zero at every node, under the strain-controlled boundary conditions.
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The relations of the shear stress (σ 13 ) and axial stresses (σ 11 , σ 22 , σ 33 ) with the engineering shear strain γ 13 are shown in Fig. 4 . The figure also includes the results from the direct first-principles calculations, together with the present results. From this figure, we can confirm that the present results and the direct first-principles results agree very well each other. This indicates that the implemented user subroutine and the DFT-based stress-strain database work properly during the FEM analysis. In Fig. 4(a) , the results of the present method and also the direct first-principles calculations exhibit a strong nonlinear relation at around a strain of 5 %. It suggests that the linear elastic theory is not valid over such a strain range. On the other hand, the material deforms still elastically and can recover to its uncompressed (initial undeformed) shape when the shear load is released. Also, σ 11 and σ 22 exhibit the finite values during the deformation. In particular, σ 22 changes significantly with increasing γ 13 . Such stress-strain relations cannot be reproduced from the constitutive model based on the linear elastic theory.
After further deformation, the stress reaches the maximum value and then rapidly decreases. This fact indicates that the material begins to undergo permanent deformation, and the stress at this point is defined as the ideal maximum shear stress. Using our methodology, the ideal maximum shear stress of 110 GPa is observed at around a strain of 32 %. This value is off the direct first-principles result of 101 GPa by around 9 %. One of the main advantages of the present method is to be able to evaluate the ideal strength in a nonempirical manner in this way. Naturally, it is impossible to describe such a behavior from the linear elastic theory. The discrepancy from the direct first-principles result is induced by the small fluctuation of the stress-strain curve obtained from the present method, due to the numerical procedure using the "linear" interpolation for stress values in the stress-strain database. Therefore, if one can afford to pay the computational costs, it is possible to reduce the error by using the fine mesh of discrete values in the numerical database and/or the higher-order (and high-precision) interpolation method. 
Finite deformation of single-crystal diamond pillars
Using the present method, a square pillar of single-crystal diamond is deformed under the uniaxial (both tensile and compressive) strain in a [100] direction. As shown in Fig. 5 , the crystal orientations of [100], [010] , and [001] constitute the three axes of the pillar, which is modeled by three-dimensional, 8-noded linear elements with the same shape. This model contains 40 (= 10 × 2 × 2) elements and the finite-element mesh contains 99 nodes. The pillar is initially deformed in an affine manner with the strain Δl/l along the axis 1, and then the FEM calculations are conducted while fixing both ends (Fig. 5) .
The stress-strain curve in the uniaxial deformation under the strain-controlled boundary conditions is shown in Fig. 6 . The result exhibits a clearly asymmetric behavior in the tensile and compressive regions, and also a strong nonlinear relation beyond around a strain of ±5 %. The pillar becomes unstable at a tensile strain of around 26 % and compressive strain of around 29 %, corresponding to the maximum uniaxial stresses of 183.4 and −285.4 GPa, respectively.
At the points where instabilities occur, we examine the shear and tensile stresses resolved on the slip plane in the slip direction, based on the Schmid's law. When a cylindrical crystal is uniaxially loaded along the axis at a stress σ, the resolved shear stress τ 0 and resolved tensile stress σ 0 are described as follows:
where φ denotes the angle between the loading axis and the normal to the slip plane, and λ the angle between the loading axis and the slip direction on the slip plane. The ratio between τ 0 and σ 0 changes when the direction of the slip planes alters, as a consequence of a rotation of crystalline axes relative to the tensile/compressive axis. If we focus on a {111} 110 slip system, we obtain the angles of φ = 54.7
• and λ = 45
• so that τ 0 = σ 0 = 74.9 GPa for the tensile deformation and τ 0 = σ 0 = −116.5 GPa for the compressive deformation, respectively. The critical resolved shear stress (CRSS) is not constant and influenced by the stress conditions, as described in Sec. 2. In Fig. 1(b) , we can confirm that the CRSS values obtained from the DFT calculations change from 74.7 GPa to 126.0 GPa, at a tensile and compressive normal stresses of 60 and −100 GPa, respectively. It is noted that these stress values relatively correspond to the above τ 0 's and σ 0 's. Thus the observed unstable behavior of the pillar is considered to result from the shear instability of a diamond-crystal lattice, associated with the uniaxial loading along the axis. The present method is usable for more practical analysis under the general boundary conditions. We employ a rather complex example of a pillar model formed narrow in the and Materials Engineering Vol.3, No.3, 2009 Fig. 6 Stress-strain relation in uniaxial deformation of a diamond-crystal pillar. middle as shown in Fig. 7 , which contains 7931 nodes and 6500 elements (dimensions are 6L × 1L × 1L), and measure wall-clock time for the FEM calculation using the DFT-based stress-strain relations. We uses the Linux cluster system which has 10 nodes, each with one Intel R Core TM 2 CPU 6700 (2.66 GHz), i.e., 20 PEs in total. Updating of the stress-strain database, scheduling of batch jobs for the DFT calculations, and FEM analysis are conducted with 1 PE, and the DFT calculations with 18 PEs. As a result, the calculation takes about 125.4 hours to perform on this environment. Thus it is found that the DFT-based FEM calculation can be conducted within practical time even under the general stress/strain conditions.
Conclusions
We proposed the finite-element analysis method based on first-principles density functional theory, to evaluate the nonlinear finite elastic deformation of a diamond single crystal. The present method can be applied even under general stress conditions within practical time. To asses the accuracy and validity, the shear calculations of a diamond crystal were carried out under the various (stress or strain-controlled) boundary conditions. We confirm that the present method can reproduce the nonlinear stress-strain behavior very well compared to the direct DFT results, with a much lower computational cost. Also, we examined the uniaxial loading behavior of the diamond-crystal pillar model and obtained its stress-strain curve and stability limits based on the DFT-based nonempirical constitutive relations.
To describe the deformation, the present method utilizes the continuum model which is intrinsically free from scale. However, the finite effective range of atomic interactions in the target material, which violates the local continuum approximation, bounds the applicable minimum scale of the present method in the analyses for actual materials. In the case of di- Vol.3, No.3, 2009 amond, electrons are considered to be localized on the atoms so that the effective range is at most a few atomic layers. Thus the present calculations are valid if the target system is sufficiently larger than about one nanometer, and likely to be employed to estimate the nanoscale deformation behavior of solid bodies. For small-sized materials or structures, one may be anxious about the surface effect to the stability limit and strength. It is true that any surfaces always reduce the strength of materials/structures. Since the surface effect is not comprised in the present method, this method always overestimates the strength of materials/structures which have surfaces. Recent fine mechanical tests for nano-scaled structures, however, indicate that the strengths of them are almost comparable to their ideal strengths [see, for example, Ref. (18)]. Therefore, we believe that our method can work well even for such small-sized structures.
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